Abstract: In 3D topological insulators, an effective closure of the bulk energy gap with increasing magnetic field expected at a critical point can yield a band crossing at a gapless Dirac node. Using highfield magnetooptical Landau level spectroscopy on the topological crystalline insulator Pb1-xSnxSe, we demonstrate that such a gap closure does not occur, and an avoided crossing is observed as the magnetic field is swept through the critical field. We attribute this anticrossing to orbital parity and spin mixing of the N=0 levels. Concurrently, we observe no gap closure at the topological phase transition versus temperature suggesting that the anticrossing is a generic property of topological phase transitions. [12] that possess an energy gap that can be varied from negative through zero to positive using external knobs as illustrated in Fig. 1(a) . The zero-gap state at the phase boundary between the trivial and topological phase is expected to be a realization of a critical 3D Dirac state. The thermodynamic stability of this critical point is essential to our fundamental understanding of topological phase transitions [13] In such systems, the N=0 conduction LL decreases in energy when the magnetic field increases, whereas the N=0 valence level increases (see Fig. 1(b) ). This leads to an effective closure of the energy gap and a topological phase transition at a critical field Bc. Although previously studied in 2D for HgTe quantum wells, [13] In this work, we therefore study the critical behavior of the 3D TCI Pb1-xSnxSe as a function of magnetic field in the vicinity of the critical point Bc of the topological transition, which occurs at B=25T for x=0.19.
The search for Dirac fermions beyond 2D [1] [2] [3] [4] has stimulated investigations of tunable topological material [5] [6] [7] [8] [9] [10] [11] [12] that possess an energy gap that can be varied from negative through zero to positive using external knobs as illustrated in Fig. 1(a) . The zero-gap state at the phase boundary between the trivial and topological phase is expected to be a realization of a critical 3D Dirac state. The thermodynamic stability of this critical point is essential to our fundamental understanding of topological phase transitions [13] [14] [15] [16] [17] and our realization of Dirac fermions beyond 2D. One particularly striking feature of topological materials is the inverted behavior of their N=0 Landau levels (LL) versus magnetic field. [4] [9] [18] [19] [20] [13] In such systems, the N=0 conduction LL decreases in energy when the magnetic field increases, whereas the N=0 valence level increases (see Fig. 1(b) ). This leads to an effective closure of the energy gap and a topological phase transition at a critical field Bc. Although previously studied in 2D for HgTe quantum wells, [13] [21] [22] [23] this transition has not been observed in 3D topological systems as most of those have large energy gaps requiring Bc in excess of 100T. [24] This problem can be alleviated using IV-VI topological crystalline insulators (TCI), in which the energy gap can be tuned close to zero by choice of the proper composition. [7] [8] [9] [11] [14] In this work, we therefore study the critical behavior of the 3D TCI Pb1-xSnxSe as a function of magnetic field in the vicinity of the critical point Bc of the topological transition, which occurs at B=25T for x=0. 19 . [11] The mirror-like band structure [11] [19] of Pb1-xSnxSe yields linear N=0 LLs in the entire magnetic field range of interest, and can thus result in a clear cut determination of Bc and the behavior around it. Using a detailed analysis of magnetooptical transitions and their oscillator strengths, we thus demonstrate the presence of an avoided-crossing of the N=0 conduction and valence Landau levels at the critical field Bc as illustrated in Fig. 1(c) . This anti-crossing unambiguously manifests itself via the appearance of otherwise forbidden magnetooptical transitions that clearly violate conventional selection rules. We attribute this violation to the presence of spin-orbital mixing of the N=0 LL near Bc.
We also show that the anticrossing is present at all temperatures in the topological regime as well as for the topological phase transition as a function of temperature. Considering the crystalline and dielectric properties of Pb1-xSnxSe, we can rule out (i) bulk inversion asymmetry, (ii) electron-phonon interactions (iii) electron-electron interactions and (iv) surface effects [14] as a possible origin for the anticrossing. We thus discuss our findings in light of recent proposals on the role of alloy disorder [17] and fundamental thermodynamic effects that yield a topological phase transition without a gap closure. [25] Magnetooptical Landau-level spectroscopy measurements are performed on high-quality [111]-oriented Pb1-xSnxSe epilayers grown by molecular beam epitaxy as described in our previous work. [11] [26] Two 2-μm thick samples with composition x=0.19 and x=0.14, respectively above and below the topological phase transition at 4.2K, are studied. Magnetospectroscopy is performed in transmission mode in the Faraday geometry versus magnetic field and temperature. We use a setup analogous to one used in our previous works [27] [11] with a composite Si bolometer mounted behind the sample for measurements below 4.2K at the Laboratoire National des Champs Magnetiques Intenses in Grenoble up to 34T. The probe is equipped with ZnSe windows with an energy cutoff close to 60meV. Temperature dependent measurements up to 200K are performed at Ecole Normale Supérieure up to 17T using a second setup with external detectors (far-IR bolometer or HgCdTe mid-IR detector).
Figure 1(d) shows magnetooptical spectra obtained for Pb0.81Sn0.19Se, between B=2T and B=34T at 1.6K, up to 400meV. Pronounced transmission minima originating from LL transitions are observed. A zoomin on the low energy section of the spectra for fields between 20T and 34T is shown in Fig. 1 (e). A strong transmission minimum (A1) marked by the red arrow is observed below 100meV and decreases in amplitude as B approaches 25T. A second minimum (A2) occurring at lower energy marked by a black arrow gains in amplitude and becomes dominant at very high fields. This transition widens above ~28T, as it splits into two transitions. A multi-peak fit allows to separate the two transitions, and pin-point the position of A2 and A2' as shown in Fig. 1 (e). The behavior observed in Fig. 1 (e) is unique to the topological sample and is not observed for the topologically trivial Pb0.86Sn0.14Se sample as shown in the supplement. [28] Next, we will show that the three transmission minima and their changing amplitudes and energies versus magnetic field are direct evidence of the topological phase transition that occurs after an avoided crossing of the valence and conduction N=0 LLs at Bc ( Fig. 1(c) ). To this end, we compute the LL spectrum using the k.p method introduced by Mitchell and Wallis [29] detailed in our previous work. [11] In Pb1-xSnxSe the band extrema occur at the L-points of the Brillouin zone and the orbital basis near the band edges consists of two bands of opposite parity referred to as 6 ± . [ [7] In this case, the LL energy is given by:
Here ∆(> 0) is the half-energy gap, is the Dirac velocity related to the k.p matrix element and ℏ̃= ℏ /̃ where ̃ includes the far-band contribution to the band-edge mass and the g-factor ̃= |2 0 /̃|. Note that only transitions pertaining to the levels of the oblique valleys of (111)-oriented Pb1-xSnxSe are considered as they are known to be dominant in the optical absorption for x=0.19. The valley anisotropy is very small [31] rendering the valley splitting only visible at very high fields. Interband magnetooptical transitions between the LLs given in Fig. 2(a) verify the selection rules ΔN=±1 and conservation of effective spin, [31] [29] [28] [11] so that the transition energies are those of a massive Dirac spectrum:
For N=1, we get a transition energy from N=0 v to N=1 c,↑ referred to as the A1-transition (see Fig. 2(a) ). For B<Bc i.e. ℏ̃< Δ, this is the dominant interband transition. As N=0 v is ideally pure of effective spin and orbital character( 6 −,↑ ), [29] the transition to N=1 c,↑ is the only one allowed if the conventional [31] [32] [11] selection rules are obeyed. Similarly, the only intraband transition that is allowed is the N=0 c to N=1 c,↓ referred to as the A'1 transition (see Fig. 2(a) ). Two additional transitions, the N=0 v,↑ to N=1 c,↓ and the N=0 c,↓ to N=1 c,↑ shown as dashed arrows (A2 and A'2) are not allowed as they do not conserve the effective spin, if the N=0 levels do not hybridize.
The hybridization of the N=0 levels results in an anticrossing which renormalizes their energy:
Here, W is the hybridization energy. The renormalized N=0 levels computed using Eq. (3) are shown in Fig. 2(a) with the respective orbital weight illustrated by a color gradient. Accordingly, the A1-transition is shifted in energy:
This hybridization also leads to spin and orbital mixing of the two levels and to the activation of the A2 and A'2 transitions near Bc as shown in Fig. 2(a) .
From the data shown in Fig. 1(d,e) , we construct a fan diagram and fit the magnetooptical transitions with the calculated LLs. One free fit parameter ( ) is needed for transitions involving the N=0 levels. Using transitions involving higher N, the energy gap and velocity are found to be 2Δ = 20 , = 4.7 × 10 5 / (see Fig. 2 (b) and supplement [28] ). ̃ is fixed to 0.28m0, in agreement with previous studies [31] [19] and to yield Bc≈24T, the field at which A1 and A2 are almost equal in amplitude. The transition energies for A1, A2 and A2' are plotted versus magnetic field in Fig. 2(b) along with N>1 transitions. Curve fits using theoretically calculated transitions that take into account the renormalized N=0 levels yield an excellent agreement with experiment for = (5 ± 1)
as shown in Fig. 2 
(b).
For B<Bc, the A1-transition is strongest, as seen in Fig. 1(e) . We do not observe the A1' intra-band transition in this regime, since it falls in an energy region that is not within experimental reach (below 60meV). A2 emerges near 17T and gains in amplitude relative to A1. A2' then splits from A2 close to 28T. This splitting most likely corresponds to the point where the energy separation between A2 and A2' becomes larger than the transition linewidth. For B>Bc, A2 and A2' gain in amplitude and become dominant while A1 is suppressed ( Fig. 1(e) ) since the N=0 LLs alter their spin and orbital character as seen in Fig. 2(a,b) . Red dots correspond to the A1 absorption data points, the full black ones to A2 and the empty circles to A2'. The solid red curve corresponds to the calculated variation of A1 and the dashed red and blue curves to that of A2 and A2', respectively. The grey dots and lines are data points and curve fits using Eq. 2 for transitions not involving the N=0 levels (N>1). The green line represents the cutoff of the ZnSe Grenoble probe window.
In order to shed light on the orbital nature of the N=0 levels, the ratio of the oscillator strength of the A1 and A2 transitions is computed using their matrix elements at each field. This ratio is mainly imposed by the evolution of the 6 +,↓ to 6 −,↑ component for the N=0 c/v Landau level. It is derived in the supplement [28] and given by:
Eq. (5) allows us to quantify the mixing of the N=0 levels. Fig. 3(a) shows the comparison between Eq. (5) and the experimental absorption amplitude ratio A2/A1 extracted by fitting the spectra shown in Fig. 1(e) . The agreement is remarkable, up to 25T, the field at which A1 can still be reliably extracted. The consequences of this result are of major fundamental importance, as they allow a direct experimental determination of the changing spin-orbital character of each level, and therefore of the effective evolution of the topological state of the system with magnetic field. When the ratio is smaller than 1, the system is non-trivial meaning that the conduction N=0 is dominantly 6 +,↓ and the valence level 6 −,↑ . When it exceeds 1, the character is reinverted and trivial parity is smoothly restored.
Note that we have only probed the transition that occurs for the oblique valleys of Pb1-xSnxSe. ̃, and therefore Bc, are is slightly valley dependent. [31] Hence, the transition for the longitudinal valley can occur at a field slightly lower than for the oblique ones. Accordingly, there has to exist an intermediate phase where the system is topologically similar to a Z2-topological insulator with three inverted bands, before becoming trivial. A Gaussian-broaded multi-peak fit to the data is shown in black.
Measurements at higher temperature (up to 200K) demonstrate the evolution of A1 and A2 through the topological phase transition in Fig. 3 . Topological Pb1-xSnxSe exhibits a closure of the energy gap as temperature is increased, with a critical temperature of T≈70K for x=0.19. [14] [34] Magnetooptical measurements were performed to follow the variation of the energy gap, and track the changing amplitude of A2 and A1 near Bc up to T=200K. Corresponding fan charts are shown in the supplement. [28] The experimental variation of the gap across the topological phase transition at T=70K is plotted in Fig. 3(b) .
In the topological regime, the energy gap is equal to -15meV at 40K and -10meV at 60K (Fig. 3(b) ). Low energy spectra taken at 40K and 60K are shown in Fig. 3(c,d) , highlighting the evolution of A2 and A1 versus temperature and magnetic field. Assuming ̃ does not change with temperature we expect
Bc≈18T at 40K and Bc≈12T at 60K. The changing amplitude of A2 and A1 can be observed in both cases between 15T and 16T. At 40K, B=16T remains smaller than Bc, therefore A1 remains strongest and weakens as the field is increased as seen in Fig. 3(c) . At 60K, Bc drops to 12T. By 15T(>Bc), the system has already undertaken a partial parity re-inversion and A2 becomes stronger than A1 as seen in Fig.  3(d) . The amplitude ratio A2/A1 for those two temperatures is shown in Fig. 3(a) and compared to the calculated oscillator strength. The parameters used for the calculation are identical to those used at 1.6K, apart from Eg which is taken from Fig. 3(b) . The agreement between the calculation and the data is excellent at all temperatures in Fig. 3(a) , confirming the presence of spin-orbital mixing near Bc for any given temperature at which the system is non-trivial.
Note that in the trivial phase (T≥70K or for Pb0.86Sn0.14Se [28] ), we do not observe the behavior attributed to the mixing since magnetooptical transitions obey conventional selection rules. [11] This further confirms our interpretation relating the emergence of forbidden transitions to spin-orbital mixing. Overall, our experimental results allow us to quantitatively extract the degree of mixing and to demonstrate a smooth topological-to-trivial transition with an anticrossing at Bc.
In Fig. 3(b) , it is also interesting to notice the absence of gap closure for the temperature induced topological phase transition, as previously suggested by ARPES measurements on Pb1-xSnxSe single crystals. [14] Near the critical temperature Tc, this anticrossing ′ is extracted by fitting the variation of the gap versus temperature with the following empirical equation as shown in Fig. 3(b) :
Here, ( ) = (4.2 ) − 32 + √32 2 + 0.58 2 2 . The ± sign is for trivial and topological respectively. We find ′ = (8 ± 1) of the same order of magnitude as , suggesting that both are caused by a single universal mechanism. Note that for 2D HgTe quantum wells the anticrossing of the N=0 LLs has been attributed either to inversion asymmetry or to electron-electron interactions. [13] [19] [15] Rocksalt Pb1-xSnxSe is, however, inversion symmetric and exhibits a huge dielectric constant [36] ruling out both mechanisms. [13] [19] [15] [37] Moreover, the nearly temperature independent W also rules out the role of electron-phonon interactions. Previous magnetooptical work on Bi proposed a field dependent as a coupling term stemming from timereversal-symmetry breaking. [38] [39] [40] This, however, cannot explain our anticrossing observed versus temperature. Thus, overall, we are able to retain either an extrinsic mechanism such as alloy disorder [17] or atomic vacancies or a thermodynamic first-order transition as proposed in ref. [25] as the possible origin for and ′ . Further systematic measurements on samples with controlled level of disorder and theoretical work are required to resolve this issue.
To conclude, magnetooptical measurements at high magnetic fields evidence a topological phase transition induced by the field with an avoided crossing at the critical point. The avoided crossing arises from spin-orbital mixing that occurs when the N=0 LL converge towards each other at high field. This effect is observed concurrently with a temperature induced topological phase transition without gap closure. This suggests that the absence of gap closure versus temperature and the anticrossing near Bc are due to a single universal mechanism. Elucidating this mechanism for topological phase transitions without gap closure is of fundamental importance to realize critical 3D gapless Dirac modes using tunable topological materials.
